Abstract-A Wilson system is a collection of finite linear combinations of time frequency shifts of a square integrable function. In this paper we give an account of the construction of bimodular Wilson bases in higher dimensions from Gabor frames of redundancy two.
I. INTRODUCTION
Daubechies, Jaffard and Journé [4] , inspired by work of K. G. Wilson [11] , introduced in 1991 the Wilson system of (linear combinations of) time-frequency shifts of a univariate function g ∈ L 2 (R):
where the translation operator T λ and the modulation operator M γ are given by
. The main result in [4] is a construction of Wilson orthonormal bases generated by functions g ∈ L 2 (R) with good time and frequency localization. This should be compared with the Gabor system {M γ T λ g} λ∈Λ,γ∈Γ , where such basis constructions are impossible for any pair Λ and Γ of full-rank lattices in R d . Indeed, the Balian-Low Theorem [1] , [2] , [9] states that if a Gabor system is a orthonormal basis or a Riesz basis for L 2 (R d ), then the generating window function g cannot have rapid decay in time and frequency.
However, it is easy to construct "nice" window functions g generating redundant Gabor frames. The main result of [4] illustrates how this fact can be used to construct nice orthonormal Wilson bases for L 2 (R):
(R) be such that g(ω) =ĝ(ω) and g 2 = 1. Then the Gabor system {M m T n/2 g} m,n∈Z is a tight frame for L 2 (R) with frame bound A = 2 if, and only if, the Wilson system
From the definition (1), it is clear that, except from the pure translations {T n g} n∈Z , the univariate Wilson systems produce a bimodular covering of the frequency line, in the sense that each element of the system has two peaks in its power spectrum |ĝ| 2 , assuming the window function is sufficiently localized in frequency. On the other hand, Gabor systems are unimodular since each element has a single peak in the power spectrum. In many applications a bimodular covering of the frequency domain is as good as a unimodular covering, in particular, if the signals of interest are realvalued.
As an example of an application of Theorem I.1, we mention that the continuous, symmetric function g(x) = cos(πx)1 [−1/2,1/2] (x) with compact support generates a tight Gabor frame {M m T n/2 g} m,n∈Z with frame bound A = 2 and g 2 = 1. Thus, the Wilson system W(g) is an orthonormal basis for L 2 (R). The construction of Wilson orthonormal bases has recently been generalized to higher dimensions L 2 (R d ) by the authors in [10] . The aim of this note is to give an overview of these results. other locations in frequency.
II. CONSTRUCTION OF MULTIVARIATE
Our goal in this paper is to construct Wilson orthonormal bases in higher dimension that do not suffer from these tensoring artifacts.
A. Setup and Notation
We use the following assumptions throughout the paper: We let N be a subset of
and where we use boldface 1/2 to denote the constant vector (1/2, . . . , 1/2) ∈ R d , and the Wilson system 
B. Main result
We have the following duality principles of Gabor frames and Wilson bases. The "only if"-assertion in (i) is Corollary 8.5.6 in [5] for d = 1, albeit without bounds. Assertion (ii) of Theorem II.1 generalizes Theorem I.1 to higher dimensions in a non-tensored way.
Theorem II.1 ([10]). Suppose thatĝ(ω) =ĝ(ω)
In the following example we construct bimodular multivariate Wilson bases from Gabor frames of redundancy two. The construction follows the standard construction procedure of "nice" generators g of univariate Wilson bases, see e.g., [4] .
where Z denotes the Zak transform. By [5, Theorem 8.3.1], it follows that the Gabor system
. Since the action of the frame operator preserves the symmetry of g, we conclude that
whose window function satisfiesĥ(ω) =ĥ(ω). An application of Theorem II.1 yields that the Wilson system generated by
C. Auxiliary results
The following simple relationship between frame operators of the Gabor system and the Wilson system in Proposition II.2 seems not to have been noticed before in the literature.
Proposition II.2 ( [10]). Suppose thatĝ(ω) =ĝ(ω).
Then the Gabor system G(g) is a Bessel sequence with bound B if and only if the Wilson system W(g) is a Bessel sequence with bound B/2. Furthermore, in either (and hence both cases) the Gabor frame operator S G and the Wilson frame operator S W satisfy
The following density-type theorem for Wilson system is an easy consequence of Theorem II.1 and Proposition II.2.
Proof. If W(g) is a frame for L 2 (R d ) with bounds A and B, then, by Proposition II.2, so is G(g) with bounds 2A and 2B. The conclusion now follows from Theorem II.1(i).
III. PROOF TECHNIQUES
The proof of the results in Section II from [10] are mostly based on the frame theory of shift-invariant systems [3] , [6] , [7] . We illustrate in this section how this theory can be applied in the study of Wilson bases. We refer to [10] for a detailed argumentation and a proof of Theorem II.1.
A. Frame theory of shift-invariant system
Definition III.1. Let Γ be a countable index set and let
For the shift-invariant system {T λ g γ } λ∈Λ,γ∈Γ we define its autocorrelation functions {t α } α∈Λ ⊥ by t α (ω) := 1 |det P | γ∈Γĝ γ (ω)ĝ γ (ω − α)
for a.e. ω ∈ R For a given function t ∈ L ∞ (R d ), define the multiplication operator
For the special choice of t(x) = e 2πi x,γ with γ ∈ R d , this yields the modulation operator M γ , justifying our notation.
Lemma III.2 ([6], [7] ). Let K = P Z d , where P ∈ GL d (R), be a full-rank lattice, let Γ be a countable index set, and let {g γ } γ∈Γ ⊂ L 2 (R d ). For the shiftinvariant system {T λ g γ } λ∈K,γ∈Γ the followings holds:
(i) {T λ g γ } λ∈K,γ∈Γ is a tight frame for L 2 (R d ) with frame bound A if, and only if, for all α ∈ K
